Recently there has been significant interest in understanding the macroscopic quantum transport in a many-body system of chiral fermions. A natural framework for describing such a system which is generally out of equilibrium, is the transport equation for its phase space distribution function. In this paper, we obtain a complete solution of the covariant chiral transport for massless fermions, by starting from the general Wigner function formalism and carrying out a complete and consistent semiclassical expansion up toÔ( ) order. In particular, we clarify certain subtle and confusing issues surrounding the Lorentz non-invariance and frame dependence associated with the 3D chiral kinetic theory. We prove that such frame dependence is uniquely and completely fixed by an unambiguous definition of theÔ( ) correction to the distribution function in each reference frame.
I. INTRODUCTION
The many-body physics of massless fermions has attracted significant interest in a wide range of communities, from condensed matter physics to high energy heavy ion collisions. In particular, the microscopic quantum anomaly of such chiral fermions can induce highly nontrivial macroscopic transport phenomena, such as the notable example of Chiral Magnetic Effect [1] [2] [3] [4] as well as the chiral vortical effect (CVE) [5] [6] [7] . These effects have been extensively studied using various many-body theoretical tools [5, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Enthusiastic efforts have also been made to experimentally measure such anomalous chiral transport effects, both in the so-called Dirac or Weyl semimetals and in the so-called quark-gluon plasma created via heavy ion collisions. For reviews on recent developments, see e.g. [20] [21] [22] [23] [24] .
An important aspect of the many-body theory for anomalous chiral transport is to describe the out-of-equilibrium situation. The natural framework is the kinetic theory based on transport equations for the phase space distribution function of such a system. Different from usual classical kinetic theory [25] , a proper description of the chiral fermions must account for intrinsic quantum and relativistic effects. A lot of progress has been achieved lately to develop such a chiral kinetic theory, see e.g. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . There also exist a lot of phenomenological interests and attempts to study anomalous chiral transport in the out-of-equilibrium setting [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . The transport theory of chiral fermions, however, bears unusual subtlety and poses a number of challenges, particularly related to Lorentz invariance and frame dependence. A resolution was developed in the 3D formulation of chiral kinetic theory [29, 30, 35] , but the origin of such issues remains cloudy. It is highly desirable to develop a transport theory of chiral fermions in a completely covariant fashion and to identify the precise reason of these complications.
A natural approach is to derive the quantum transport equation for chiral fermions in the well-known Wigner function formalism by a systematic semiclassical expansion in terms of [51] [52] [53] [54] [55] [56] . We shall adopt this approach in the present paper. We will systematically derive the chiral transport equations for a general out-of-equilibrium system of collision-less massless fermions, under external electromagnetic fields that are generally space-time dependent. The start point is the Wigner function and the kinetic equation for Winger function and its 16 components, such as the vector V µ , axial vector A µ , scarlar F , pseudoscalar P, antisymmetry tensor L µν . These 16 components would be decoupled for chiral fermion system. We will focus on the set of equations for vector V µ and axial vector A µ components. By carrying out the semi-classical expansion for all the operators and functions, one can then derive a covariant set of chiral transport equations to order. In particular, this detailed derivation will allow a clear understanding, within a totally covariant framework, of the origin for the rather confusing Lorentz invariance and frame dependence issues as well as the emergence of the Berry phase, Berry curvature and anomalous terms in the 3D formulation of chiral kinetic theory. In fact, we will prove that such frame dependence is uniquely and completely fixed by an unambiguous definition of theÔ( ) correction to the distribution function in each reference frame. The paper is organized as follows. In Sec. II, we briefly review the Wigner function formalism and the kinetic equations for the 16 components of Wigner function. In Sec. III, these equations are decoupled and decompose to two set of equations for the massless case and we focus on the semi-classical expansion for the chiral currents. With the obtained constraint equations we construct the most general solutions and discuss the frame dependence issue. In Sec. IV we present the covariant chiral transport equations as well as their 3D formulation. Finally we conclude the paper in In Sec. V. An appendix is also included to particularly prove in great technical details the completeness and uniqueness of the foundÔ( ) solution to the constraint equations which is crucial for understanding the frame dependence issue.
II. THE QUANTUM KINETIC EQUATIONS IN THE WIGNER FUNCTION FORMALISM
The bridge connecting quantum field theory to relativistic kinetic theory is the Wigner function [55, 57] . For the Dirac field ψ with charge Q, the general gauge invariant Wigner operator is defined aŝ
where α and β are spinor indices. Also, the gauge link U between x ± = x ± y/2 is introduced to ensure the gauge invariance of the Wigner operator. It's defined as
where the path-ordering operator P can be dropped for abelian A µ fields. In this work, we keep the Planck constant in various places to show quantum effect explicitly. Then one can construct the Winger function, as the expectation value of the Wigner operator
where · · · means the expectation over a given quantum state, or the average over an ensemble of quantum states. In this work, we consider a collisionless system in a background electromagnetic field A µ . In this case the Wigner function satisfies the quantum kinetic equation [55] 
where
Note that in the triangle operator △ = ∂ x · ∂ p , ∂ x acts only on electromagnetic tensor
cos(x) are the spherical Bessel functions which are generated by the y-integrations. In general combining with the Maxwell equation, the quantum kinetic equation of Wigner function Eq.(4) is equivalent to the QED field theory.
In order to connect Eq.(4) with kinetic theory, one needs to obtain explicitly the equations of all elements of the Wigner function, which is a 4 × 4 matrix. In order to do that, one can decompose the W (x, p) in terms of the 16 generators of the Clifford algebra, choosing the convention basis as follows:
In this basis, the Wigner function is expanded as
where these sixteen components are given by
Noting that the Wigner function satisfies hermiticity relations
, all these 16 components are real, and they behave as scalar, pseudo-scalar, vector, axial vector and antisymmetric tensor, respectively, under Lorentz transformation. Each of these sixteen components is connected with a corresponding physical quantity [51, 58] . Explicitly speaking the vector V µ and axial vector A µ can be used to construct the current density J µ , axial current density J µ 5 and energy-momentum tensor T µν ,
Now, we can derive the kinetic equations for these 16 coefficients explicitly. Substituting the decomposed Wigner function Eq. (8) into Eq.(4), one obtains:
Next we will use the following properties of the γ matrices (with the metric convention g µν = diag(1, −1, −1, −1), and the Levi-Civita anti-symmetric tensor ǫ 0123 = −ǫ 0123 = 1),
to cast terms with multiple γ matrices into Γ a basis:
These relations allow us to simplify Eq. (11) as
From the orthogonality of {Γ a } basis, i.e. tr(Γ a Γ b ) = 4δ ab , one can prove that all "elements" of the above "matrix" should be zero, i.e.
Furthermore, as
is complex while all components of the Wigner function are real, one could further separate the above equations with the real and imaginary parts. The real parts give
while the imaginary parts lead to
The above results are the complete quantum kinetic equations [51] [52] [53] [54] [55] , as shown in Eq. (18 -27) , in terms of the 16 components of the Wigner function which are coupled with each other. In the next section, we will focus on the massless case to further simplify the kinetic equations.
III. CHIRAL TRANSPORT EQUATIONS AND THE GENERAL SOLUTIONS
In this section, we consider a system of chiral fermions with m = 0. In this case, the quantum kinetic equations in Eq.(18 -27) get partially decoupled. One can see explicitly that they are separated into two groups: a set of equations describing the evolution of scalar F , pseudoscalar P and antisymmetry tensor L µν components
and another set for vector V µ and axial vector A µ components:
Noting the specific patterns of vector (scalar) and axial-vector (pseudo-scalar) terms, one could further simplify the above two sets of equations by introducing the "chiral basis" [34, 54] via
where χ = ±1 corresponds to the chirality of massless fermion. In such chiral basis, Eq. (28) can be further decomposed, in which the right-handed(RH) and left-handed(LH) components get decoupled:
Similarly Eq. (29) can be recast into RH and LH sectors:
The decoupling of the RH and LH components in these equations reflects a basic property of massless fermions: for the massless Dirac fermions, the RH and LH sectors can be completely separated in the Lagrangian.
As the main purpose of this paper is to study the chiral transport effects, we will focus on the equations for the chiral components J µ χ , namely the Eqs. (33) (34) (35) in the following. We note in passing that the chiral components J µ χ can be directly related to the physical chiral currents:
Here ψ χ = P χ ψ andψ χ =ψP −χ , with P χ = (1 + χγ 5 )/2 being the chirality projection operators.
A. Semi-classical expansion
We now derive the chiral kinetic equation, by starting from Eqs. (33) (34) (35) and utilizing the semi-classical expansion method [55] . In order to do this, one needs to expand both operators and Wigner function components in the evolution equations order by order in terms of . First of all, let's expand the operators π µ and ▽ µ in powers of , by using the Taylor expansion of the spherical Bessel function j 0 and j 1 in terms of
The truncation of this expansion series would be justified when
In other words, the electromagnetic field F µν and Wigner function W (x, p) should vary smoothly enough in coordinate space x and momentum space p, respectively [55, 59] . It should be emphasized that, starting from here through the rest of this paper, we will use the notation ▽ µ to represent its zeroth-order truncation, i.e.
By substituting the operators in Eq. (37) and chiral component in Eq. (38) into the Eqs. (33) (34) (35) , one obtains:
Just as the strategy in perturbation theory, one can then match the terms in the above equations at each given order of and obtain an infinite series of equations order by order. In this paper we will only deal with the two leading orders, i.e. the order 0 equations and the order 1 equations.
Let us first examine the zeroth order equations:
Eqs. (42) χ,µ must be parallel to p µ , i.e. J (0) χ,µ = p µ S(x, p) where S is certain arbitrary scalar function; the latter further demands that p 2 S(x, p) = 0. These conditions uniquely fix the general form of the zeroth order current to be the following:
together with the classical on-shell condition as reflected in the delta-function. Apparently f
χ is the classical phasespace distribution function, which can be further decomposed as:
where ǫ = ±1 corresponds to particle with positive/negative energy. Finally, by substituting Eq. (45) into the evolution equation (44), one obtains the zeroth order transport equation,
which is the classical covariant Vlasov equation.
B. The -order constraint equations and general solutions
We now move on to examine the first order equations, as follows:
Here, Eq. (48) gives the connection between the zeroth and first order of J µ . Noting that
and using the Schouten identity
we obtain
Here δ ′ (p 2 ) = dδ(p 2 )/dp 2 , and we have used the relation p 2 δ ′ (p 2 ) = −δ(p 2 ). Now Eq.(48) becomes:
Contracting both sides of the above equation with p ν and using Eq. (49), one can derive that
hence the most general solution to the above constraint equation can be written as,
In the above, the H µ is an arbitrary Lorentz vector. By using the second constraint Eq. (49), one arrives at:
Due to the special nature of light-like momentum p µ = (|p|, p) (as mandated by the delta-function), there are three categories of vectors that can satisfy the above equation: one parallel to p µ itself, the other two taking the form (0, K) with the spatial component satisfying K · p = 0. Thus one can decompose H µ into components that are parallel/orthogonal to the momentum p µ respectively:
Here, f
χ has the natural interpretation as the first-order correction to f 
The most general solution of K µ can be expressed as
where an arbitrary auxiliary time-like unit vector n µ (satisfying n µ n µ = 1) has been introduced. It should be noted that the above is the correct solution to the constraint equations even for spacetime dependent n µ (x). A detailed proof of this solution is included in the Appendix A. The meaning of n µ and the pertinent frame dependence issue will be discussed in the next subsection.
Finally we can combine the solutions to the zeroth and first order constraint equations, and write down the following expression of J µ χ up to the first order of :
Here F µν = 1 2 ǫ µνρσ F ρσ is the dual tensor of F µν . We have introduced the distribution function f χ including -order quantum correction:
which can also be decomposed into positive/negative energy parts, like Eq.
. Now the chiral current is given by
with the zeroth order J (0)µ χ and first order J
(1)µ χ expressed as
Similarly, one can also get the expression of the vector/axial currents and energy-momentum tensor from J µ χ .
C. Lorentz invariance and frame dependence
In the solution for K µ in Eq. (58), an arbitrary auxiliary quantity n µ that appears to be a free choice at our disposal without clear physical meaning. A more careful examination reveals that the quantity n µ actually plays a subtle yet crucial role in the chiral transport, especially pertaining to the confusing issues of Lorentz invariance and frame dependence, which we shall discuss next. To understand the role of n µ , let us come back to the decomposition of H µ in Eq.(56), i.e. H µ = p µ f
(1) χ + K µ . As already mentioned above and as discussed with great details in the Appendix A, this decomposition is subtle due to the light-like nature of the p µ . To unambiguously identify the first order correction to the distribution function, one must demand that the part along p µ should be attributed to the distribution term f (1) χ while the rest to the K µ term. In fact, such a requirement completely fixes the form of K µ . For a uniquely defined f (1) χ , the K µ must take the form (0, K) with the spatial component satisfying K · p = 0. Combining this requirement with Eq. (58), one arrives at the unique choice n µ = (1, 0, 0, 0) and the corresponding K µ below:
This however is not the end of the story. While the above construction gives well-defined f
χ p µ and K µ in the current reference frame, this decomposition is actually frame dependent. To appreciate this less obvious subtlety, suppose in the current frame there is a vector K µ = (0, K) which satisfies orthogonality to p µ via K · p = 0. But upon boosting into a different frame with both p µ and K µ transformed as Lorentz vectors into p ′ and K ′ , one finds that in general K ′ acquires a component along p ′ , despite that they still satisfy K ′ · p ′ = 0. That means one has to redo the proper decomposition in the new reference frame and find a different
This issue again arises from the light-like nature of p µ .
A lengthy calculation in the Appendix A proves that if one boosts from the current frame to a different frame of four-velocity u µ (with respect to the current frame), then the K µ from proper decomposition in this new frame should be precisely and uniquely given by Eq. (58) with the identification n µ → u µ which leaves a well-defined f χ becomes frame-dependent as well. While the distribution function in usual transport theory is a Lorentz scalar, here it is demonstrated clearly that in chiral transport theory a nontrivial frame dependence of the distribution function arises precisely at theÔ( ) order correction and in the specific way discussed above.
In short, the Wigner function formalism is in itself totally covariant and it is the decomposition of H µ that introduces frame dependence. The unique identification of f (1) χ requires the K µ to contain no p µ -parallel component while this requirement is frame-dependent. For an observer with velocity u µ = n µ , the Eq.(58) gives the correct K µ . The peculiar structure of K µ also clarifies the frame dependence of spin tensor S µν and the side-jump effect [30, 35, 36] .
IV. THE COVARIANT CHIRAL TRANSPORT EQUATION A. Covariant chiral transport equation
In this subsection, we focus on deriving the covariant chiral transport equation up to order, which can be obtained by substituting Eq. (59) into Eq. (35):
One can further simplify the first term of the above equation as
and the second term as
while the third term as
In the above steps, we have used the relation 
Finally, we obtain the following covariant Chiral Kinetic Equation as the evolution equation for the distribution function f χ up to -order quantum correction:
In the last step we have used the Taylor expansion in δ function and we only keep terms up to the order. One can see from the argument of the delta function that the energy of chiral particle has been shifted in order, showing the effect of quantum correction. Eq. (64) is the complete and consistent covariant chiral kinetic equation. Notably, the mass shell condition in the delta-function has shifted from the classical case and receives an -order quantum correction which has the physical interpretation of magnetization energy due to interaction between the charged chiral fermion's magnetic moment with the external magnetic field. Again, it's worth emphasizing that the expression of distribution function f χ , or more strictly speaking the first order correction f
χ , depends on the choice of n µ .
B. 3D Chiral Kinetic Equation
In this subsection, let's consider a simplified case and take n µ as a constant-homogeneous 4-vector u µ . In this case, the Eq.(64) can be written as
where we introduce the notations E µ = F µν u ν , B µ = F µν u ν . In addition, using the following relations,
Eq.(65) can be reduced to
One could further simplify the above equation by choosing n µ = u µ = (1, 0, 0, 0), which can be achieved by a proper Lorentz transformation. In this frame, E µ = (0, E), B µ = (0, B), andp ρ = (0, p) is the three momentum, p · u = p 0 is the energy, while
From the delta function of Eq.(66), we can get the shifted energy in external field up to -order:
where b χ = χ p 2|p| 3 is the Berry curvature, p = p/|p| is the unit vector of momentum and ǫ = ±1 correspond to the particle with positive/negative energy. With the shifted energy, the group velocity of the quasi-particle becomes
Note that the on-shell condition Eq.(67) constrains the energy in Eq.(66) hence it's no longer a free variable in the distribution function. By integrating Eq. (66) over p 0 , one arrives at the following 3-dimensional chiral kinetic equation:
By expanding various powers of the energy E p in and keeping terms up to the first order, one obtains
The next step is to turn the energy-derivative terms into the derivative terms with respect to the actual independent variables (i.e. spacetime coordinates and three-momentum):
Using the expression that
It can be seen explicitly that by employing the chain rule
one can eventually remove the energy derivative terms and obtain:
Contracting over all of index i, j, k = 1, 2, 3, and replacing p by ǫp to convert distribution of particle with negative energy into that of anti-particle, we can write the chiral kinetic equation for particle and anti-particle separately,
Here √ G = (1 + Qb χ · B) corresponds to the Jacobian, and
where the χ denotes the chiral nor the helicity and f ǫ χ indicates the distribution function of a given chiral particle or anti-particle. One can also convert Eq.(74) into the equation for particles with particular helicity h ≡ ǫχ.
This reproduces the well-known 3-dimensional chiral kinetic equation [29, 35, 36] , with the corresponding Jacobian, energy, group velocity given by
Therefore the chiral kinetic equation (75) is derived from a complete and consistent analysis of the Wigner function formalism with the semi-classical expansion method.
V. CONCLUSION
In this paper, we've derived a covariant and complete solution Eq. (59) for the chiral component of Wigner function, along with the corresponding chiral transport equation (64) for massless Dirac fermions, by starting from the general Wigner function formalism and carrying out a consistent semiclassical expansion up toÔ( ) order. A detailed proof is given for the general and unique solution of the peculiar component K µ in theÔ( )-order chiral component of the Wigner function. In particular, this new analysis clarifies exactly why and how the Lorentz invariance and frame dependence issues associated with theÔ( ) correction to the phase space distribution function arise within a totally covariant framework. From the so-obtained chiral transport equation one also naturally derives as its consequences the 3D formulation of chiral kinetic theory as well as many special features of chiral fermions such as the magnetization energy shift, the Berry curvature, chiral anomaly, CME, etc. The covariant chiral transport theory lays a firm conceptual foundation for describing anomalous transport in the generally non-equilibrium systems of chiral fermions.
We end by discussing a number of extensions and applications within the current framework. First of all, it is of great interest to explore higher order quantum effects beyond just theÔ( ) order and in this regard the Wigner function formalism has its unique advantage. Second, it is also highly interesting to develop the equal-time quantum transport theory [53] for chiral fermions in this framework. The 3D chiral kinetic theory only preserves the zeroth moment information of the 4D theory, and there is a whole hierarchy of equations for higher moments of the 4D theory that together forms the equal-time transport theory which turns 4D theory into a complete initial problem and is crucial for phenomenological applications. Furthermore, while we focus on the vector and axial components of the Wigner function in this paper, the other components also bear nontrivial physical meanings for physically relevant quantities such as spin density and helicity density, which could be readily studied with the same approach as here [60] . Additionally, in the current formalism it is relatively straightforward to incorporate fermion collision terms by starting from a Dirac Lagrangian including interaction terms [51, 52] , which is also important for phenomenology. Last but not least, the role of a small nonzero mass (and generally the quantum transport of massive fermions) could be easily explored in the Wigner function formalism along similar line to the present study. These problems will be investigated in the future.
Such requirement can be achieved by taking n µ = (1, 0, 0, 0), which yields k = 0 in Eq.(A13), and
For an observer in the lab frame, Eq.(A15) gives the complete decomposition of H µ . However, this is not the end of the story -such characteristic is not boost-invariant, due to the fact that the requirement of "orthogonality" is not Lorentz-invariant. One can find a vector K µ orthogonal to a null-vector p µ by restricting K 0 = 0, p · K = 0, but it's impossible to maintain K ′0 = 0 under arbitrary Lorentz transformation
To see this explicitly, for an observer moving with velocity u µ , the transformation Λ µ ν is given by the element in the (µ + 1)-th row, (ν + 1)-th column of the matrix
while in his local rest frame,
Hence, the decomposition of H µ is frame dependent, and one should determine f
(1) χ and K µ differently, with respect to different frame. As a matter of fact, for the observer moving with velocity u µ , one can construct K µ as
where the time-component of vector K vanishes in his local rest frame:
Actually, it's more obvious if one expresses all quantities in the observer's local rest frame:
Consequently, one can see that constructing K µ as in Eq.(58) with arbitrary time-like vector n µ has the following physical meaning: for an observer moving with velocity u µ = n µ , K µ ≡ ǫ µνρσ pν nρ(∇σ f χ corresponds to the first-order correction of the distribution function observed in this frame. This reflects the frame dependence of spin tensor S µν ≡ λ ǫ µνρσ pρnσ p·n as mentioned in [29, 35, 36 ]. It's worth mentioning that K µ in Eq. (58) is a vector defined in the lab frame, and once n is fixed, it transforms like a Lorentz vector under boost transformation. It has the meaning of what is known by an observer in the lab frame about the proper decomposition for another observer moving with velocity n. As being illustrated in Eqs.(A11-A13), the K µ vectors, corresponding to observers moving with velocities u and v respectively, differs with a p µ -parallel component:
Noting that the vector H µ should be frame independent
[v],χ ,
one can see explicitly the difference between distributions observed in u-and v-frames:
[u],χ − f
[v],χ ) = −
